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Abstract 

We propose 4 and 12 supersymmetric Yang-Mills-Chern-Simons theories on R x CP^ 
obtained by twisted moddings and dimensional reduction of the 6d (2,0) super- 
conformal field theories on R x S^. These theories have a discrete coupling constant 
-^i— = 4^ so that instantons represent the Kaluza-Klein modes correctly. We cal- 
culate the perturbative part of the SU{N) gauge group Euclidean path integral for 
the index function and confirm it with the known half-BPS index. The scalar and 
fermionic fields have the conformal dimension prescribed by the 6d theory. From the 
similar twisted modding of the AdSy x geometry, we speculate that the M 
region is for k < A^/^ and the type IIA region is A^/'^ ^ k ^ When nonpertur- 
bative corrections are included, our theory is expected to produce the full index of 
the 6d (2,0) theory. 
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1 Introduction 



The physics of M5 branes [1,2] remains as one of great mysteries in M-theory [1,3]. Some 
fundamental structures of the underlying 6d (2,0) theory with superconformal 0Sp{2, 6|2) 
symmetry are not yet known. One of a promising approach is the 5d maximally super 
symmetric gauge theories whose instantons may provide all Kaluza-Klein physics of the 
circle compactified 6d theory [4,5]. The study of a BPS sector by index calculation seems 
to provide the exact results on the DLCQ limit of the 6d (2,0) theory [6,7]. However, one 
wants to have more tools to probe this 6d theory, for example, to calculate the full index 
function on x S^. 

In this work we propose exactly such a tool. First we put the 6d (2,0) theory on R x S^. 
The five sphere is a circle fibration over CP^, and we mod out the theory by Zf. along this 
fiber direction with some additional twisting along a Sp{2)ji = SO{5) symmetry direction. 
This allows a consistent truncation of the 6d theory to a 5d theory on R x CP^ with some 
supersymmetries. While we do not know the exact nonabelian 6d (2,0) theory, one can find 
the consistent 5d theory which has both Yang- Mills term and Chern-Simons term of type 
J Ad A with Kahler form J on CP^. This modding and dimensional reduction lead to the 
overall coupling constant 1 / Qym — k/ 47r^ and the 5d theory has a weakly coupled regime 
for k > N. The 5d theory and its amount of supersymmetry depends on the twisting. Here 
we construct the 5d theories with 4 and 12 supersymmetries. 

As instantons in the 5d maximally supersymmetric Yang-Mills theory provides the 
Kaluza-Klein modes [8,9], instantons solitons on CP^ in our theories are expected to provide 
also the KK physics. Our theory has the weak coupling limit and may be complete by its 
own once the non-perturbative physics is included for all A; = 1, 2, 3 • • • . 

While our theories does not have the standard conformal symmetry on 5d, they have still 
some superconformal symmetries and allow the definition of the superconformal indices. 
Here we calculate the conformal index in the large k or free theory limit and found that it 

matches exactly what is expected. 

The AdS geometry can be obtained by a similar Zj. modding of AdSj x S^ [10]. This 
geometry is unusual as the asymptotic geometry is not AdSe. We speculate that there 
are three regions of k: the M-theory region for 1 < A; < iV^/^ the type IIA region for 
7V^/^ < K < N, and the high curvature region for N <k. 

Our approach is inspired in part by the ABJM theory on M2 branes which has Zk 
modding of the 5*0(8) R-symmetry [11]. Our Zk modding is on both the space S^ and 
the part of the scalar field space R^. The number of supersymmetries can be reduced to 
4 or 12 depending on the twisting on the field space R^ and should get enhanced to 32 
for k = 1. Also there is no fixed point in the AdS geometry and so there is no twisted 
sector. Of course there are many differences between the ABJM theory and our theory as 
our theory is for M5 branes not M2 branes and also the space CP^ is compact instead of 
non-compact. 
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We have noticed that 5d JFA type Chern-Simons term has appeared in Ref. [12, 13] 
while their setting is different from ours. There is another work by one of us (HK) and 
Seok Kim where the index on M5 brane has been approached by the 5d Yang-Mills theory 
on [14]. Not only perturbative calculation on is done explicitly but also a conjecture 
on instanton part has been provided. This is another approach to the index calculation of 
the 6d (2,0) theory. More relevant for the future work would be the index calculation on 

X done recently for the 5d superconformal field theories [15]. There are some related 
recent works [16-18] on the supersymmetric theories on S^. 

Our theories on R x CP^ has the Hamiltonian whose eigenvalues are the conformal 
dimension of the states on CP^. We will argue that the superconformal symmetries for 4 
and 12 supersymmetric theories are SU {1\2) and 5'C/(3|2), respectively. Our theory does 
not appear in the standard classification of the super conformal field theories as there is 
no Poincare supersymmetry in our theory [19,20]. 

This 5d theory, obtained after the modding and the dimensional reduction, has 
the weak coupling limit and so could be ultraviolet complete when nonperturbative part 
is included. Of course our theories is not defined on R^^^ and so the usual perturbative 
expansion is not available. All the fields belong to the adjoint representation of the gauge 
group and the overall coupling constant is given as I/qym — k/Air'^. There is only one 
length scale, that is, the radius r of the S^. The large k limit is the weak coupling limit 
and /c = 1 is the strong coupling limit. For the SU{N) or U{N) theory, there is also 'tHooft 
coupling constant A = N/k. For large 'tHooft coupling limit has the natural AdS limit. 
The geometry obtained by the Zk modding of the Ady x is rather comphcated as the 
boundary geometry is a Z^ modding of the boundary geometry x S^. 

The index function for a conformal field theory is an important tool to explore the 
theory [21-23]. The index function of the 6d (2,0) theory on x is one of the major 
interest. The index for the U(l) theory on a single M5 has been done [24]. Our 5d theories 
have both perturbative parts and instanton parts. In this work, we restrict ourself to just 
the perturbative part and found it matches with the known 1/2 BPS index on the single 
M5 brane [25]. 

The outhne of this work is as follows. In Sec. 2 we start with the 6d abehan (2,0) 
theory and do the twisted Zk modding and the dimensional reduction to obtain some 
supersymmetric 5d Yang-Mills Chern-Simons theories on R x CP^. In Sec. 3 wc explore 
the properties of these theories, including the spectrum of the abelian theory. In Sec. 4 we 
introduce the index function and calculate it by the Euclidean path integral in the weak 
coupling limit. In Sec. 5 we conclude with some remarks. In Appendiices we include the 
properties of CP^, the gamma matrix and spinor convention and the Killing spinors on S^ 
and CP2. 
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2 5d Super symmetric Lagrangian on R x CP^ 



Let us start with the 6d abehan (2,0) theory on for the field Bmn-, X, = 1, 2, 3, 4, 5). 
The 3-form field strength H = dB should be selfdual H = *H. We start with the super- 
symmetric action with additional spectator field H — —*H which does not get involved 
in the supersymmetric transformation [26]. The bosonic part of the superconformal sym- 
metry OS'p(2,6|2) is made of the SO{2,6) conformal symmetry and Sp(2) = S0{5) R- 
symmetry. The conformal dimension of H, A, 0/ is 3, 5/2, 2, respectively. One does the ra- 
dial quantization and obtain the action in RxS^. The Cartan of the spatial rotation group 
SU{4:) = 5*0(6) is ji,i2, J3 and the Cartan of the R-symmetric group Sp{2)ji = S0{5) is 
i?2- The Ri rotates the scalar fields 0i, 02 and i?2 rotates 04, ^5. Spinor field A belongs 
to 4 of SU{4:) and 4 of Sp{2)ji. Both the fermion field A and supercharge Q transform 
identically under S'f/(4) and Sp{2)ji. In terms of roots ±ej ± ej, = 1,2,3) of 5*0(6), 
the spinor representations 4 and 4 are given by the weights (±ei ± 62 ± 63)72 with odd or 
even numbers of minus signs. 

Let us do the radial quantization of the (2,0) theory on i? x 5^. See the appendix A 
for the metrics on and CP^. The action on i? x 5^ is 

S = [ dtdQs^ I - ^HmnpH^'''' - ^AF^VmA - ^9m079^07 - (2.1) 
JrxS^ I 12 2 2 H J 

The supersymmetric transformation for the tensor multiplet is 

SBmn — — AFmatc = —sFmnX, 
5(t)i = -Ap/e = +ep/A, 

6 3 

5X = -l//^^peT^^^ + i9M0/erV + |vMeTV0/- (2-2) 
6 3 

The Killing spinors e should satisfy 

^^e^T^FMe, r^Ve = 2ie, (2.3) 

which can be solved by e = iFoe. 
Note that 

Hmnp^^^^ ^ — -{Hmnp +*Hmnp)^^^^ , e (2.4) 



where 



*HmNP — -^^MNPQRsH^^^ 1 ^0123456 — ~1- (2-5) 
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Only the selfdual part H =*H appears in the supersymmetry transformation. Thus the 
anti-selfdual part of the field strength transform as 

S(Hmnp —*Hmnp) — i^^MBP^^dqX, (2.6) 

which vanishes on-shell. 

We can introduce the radius of the five sphere anytime to fix the dimension and so we 
drop them except when it is more convenient. The metric for the five sphere is 

ds%, = ds%2 + {dy + Vf, (2.7) 

where < y < 27r. The Kahler form J is given by 

J = ]^dV. (2.8) 

We want to a Zj. modding along the fiber direction 

27r 

2/ ~ 2/ + y (2.9) 

on the 6d (2,0) theory. 

The Killing spinors as shown in appendix B have nontrivial y-dependence and such 

Zk modding would remove them unless one introduce a twisting along some direction of 
Sp{2) = 5*0(5) R-symmetry. Let us consider the plus sign case with first e = +roe. With 
the notation for the eigenspinors ^^2^51^2 _ jg_^^siS2 ^^34^sis2 _ ^526*^*2, we group the 16 
Killings e+ to the 4 and 12 spinors. The first group of the Killing spinors is made of 

(I) e+ ~ e-t*+f 2'e++, (2.10) 

with constant spinors e^"*" which form a singlet of SU{3) isometry of CP^ and the 4 fun- 
damental representation of Sp{2)ji — S0{5). The second group of the three independent 
Killing spinors such that 

(II)6+~e-t*-i^(6r,6r,6r), (2.11) 

where the eigenspinors are a complicated matrix linear combinations of three constant 
spinors. They form a triplet of SU (3) isometry of CP^ and the 4 fundamental representa- 
tion of Sp{2)ji — SO{5). The exact form is not important here. 

We want to cancel the y-dependence of the spinor parameter by introducing a twisting of 
the spinor parameter along the i?-symmetry direction. There are many equivalent choices 
and also less supersymmetric choices. Here we choose two choices for the simplicity and 
also we twist both spinor and scalar fields also to be consistent with the supersymmetric 
transformation . 



The first choice is to introduce new variables 

(I) Sold = e~"^^e„e«;, Kid = e~~^^Xnew, (04 + #5)oid = 6+^*^(04 + i(t)b)new (2.12) 
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This change of variables leads to 



(I) dy^dy + 3iR2 (2.13) 

on new variables. Here R2 is one of the Cartan of Sp{2)^ = 5*0(5) R-symmetry. The 
corresponding [/{l)^^ transformation is 04+i05 e*"(04+i05) and A e~^"A. The new 
spinor parameter has the |/-dependence as e^('+''4B)j//2g++^ g^^^ gQ choose the constant 
spinor to satisfy ^4560 = —i to remove the y-dependence. This supersymmetry would 
survive the Zk modding. This would restrict the possible i?-charge of allowed e+ spinors 
to be complex two depending on the eigenvalue pi2. As e_ is a complex conjugate, there 
would be four surviving supersymmetries in the first case after modding. 

The second one is to introduce new variables so that 

(II) Sold ^ e'^^^enew, Kid ^ e'^^^Kew, (04 + «05)oi(i = e~'^(04 + i05)„e-u;- (2.14) 

This leads to the change of the derivative dy on new fields to 

(II) dy^dy-iR2. (2.15) 

The y-dependence of the Killing spinors e+ can be removed once ^456+ = — ie+. These 
three Killing spinors would survive the Z^ modding and so the resulting theory would have 
12 supersymmetries. 

The Zk modding of the new spinor and scalar fields to be 

(I) Hy)oid ~ e ^A(y + '^)oid, (04 + i<t>b){y)oid ~ e+^(04 + i(t)^){y + ^)oZd, 

(II) Ky)oid ~ e+^A(|/ + y)oid, (04 + i(p5){y)oid ~ e^^(04 + i(p5){y + -^)oid- (2.16) 

Such consistent Zk modding of the 6d (2,0) theory reduces the number of super symmetries. 
Still we do not know the exact form of the resulting 6d theory. 

Let us now do the dimensional reduction of the theory to 5d by requiring the new 
variables to be independent of y. Then the |/- independent new spinor and scalar fields 
are invariant under the Z^. modding and so are allowed. As we found the y independent 
Killing spinors for the superconformal transformation, the supersymmetric transformation 
under these Killing spinors will not introduce additional y dependence between the fields. 
This Zk modding would shrink the circle fiber size relative to other scale and so the theory 
would become more close to the 5d theory. 

Now one can keep only ^/-independent modes and write down the 5d theory on R x CP^. 
This theory would have still nontrivial number of super symmetries and superconformal 
super symmetries. There would be nonpcrturbative effects including instantons in this 5d 
theory and they would provide all Kaluza-Klein mode physics of the 6d (2,0) theory as 
what is expected for 5d maximally Yang-Mills theory on R^+^. 
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We first consider only the action for tlie scalar and spinor fields and then fix the the 
gauge kinetic term to complete the supersymmetry for the abelian case. Then one gen- 
eralize the theory to nonabelian case. Only difficulty is to choice the right normaliaztion 
for the coupling constant. For both cases we argue in the next section that the 5d gauge 
coupling constant is given by 

' ^ (2.17) 



9ym 47rV' 

where r is the radius of the sphere and is regard as unity as it is only length scale of 
the theory. The theory becomes weakly coupled in large k limit. As the fields are in the 
adjoint representation of the gauge group, one expect the presence of 't Hooft coupling 
constant 

T <^-^«) 

for U{N) gauge theory. 

To be more explicit we use the four- component 5d notation for the spinors as given in 
appendix A. The reality condition becomes 

A = BCX*, e - BCe*. (2.19) 

The Killing spinor equation for the ^-independent new spinor parameter Cnew becomes 

dte = |7oe, Dme = -| Jmn7''e + |7me, (2.20) 

where m = 1, 2, 3, 4. The spinor variables satisfy additional conditions for two cases: 



(I) P45e+ = -ie+, Da^Va+ —^Va, 6 = - 8^45 + -Jabl 



2 

P45 



1 



..oh 



2 



II) p45e+ = -^e+, Da = Va- ^K, e = P45 - W e, (2-21) 



2 



1 



2 



where Va is the spinor covariant derivative on CP^. The C/(l) rotation by R2 are deformed 
to a U{l)'j^ due to the twisting for both cases. 

The resulting 4 supersymmetric nonabehan 5d action on R x CP^ for the first case is 
47r^ JrxCP2 '-4 2 \ 6 J 

- '-h^D,\ - '-XpAh, A] - hT^'XJmn + ^MsA] , (2.22) 



6 



where 1 — 1,2, 3, 4,5, a — 1, 2,3, i — 4,5 and 



1 ab.ab 3, 



a^A + -(^^V" + 2 ^mP45J A - A]. 



(2.23) 



Of course only spatial components of J„i, are non-zero. The supersymmetric transformation 



SA,, 



5(f)i = —Xpie = epiX, 

1 i 
SX - +-Ff,^Y''e + iD^cPipi-fi'e - - [cpi, 4>j\pije - SsijcpiPje - 2(j)ipie. (2.24) 

The supercharge Q is a singlet under SU{3) isometry of CP^ and a doublet under SU{2)ji 
with nontrivial C/(l)^ charge. Thus the supergroup behind the first model would be 
SU{1\2). 

The 12 supersymmetric 5d action on i? x CP^ for the second case is 



k 
4^ 



d^x tr 



RxCP2 



~ '^Ff^uF'^'^ + —e'^'^'"^^Jfj_i,(^ApdaAjj — —ApA^^Aj^ 

'-Xrn.X - '-Xpi[(l>j, A] - iA7"^'^A - ^Ap45A] , (2.25) 



2 ' 2 
where 7 = 1,2, 3, 4,5, a = 1, 2,3, i = 4,5 and 

F — df^Ajj — di/Af^ — i[Ai^, A^,], 

Dn(f)a = 9^0o - i[An, 0a], 

D,X = [d,X + ^ufr" - ^V,p,,] A - z[A„ A]. 
The supersymmetric transformation is 



(2.26) 



5A^ = iX^i^e = -ie^i^X, 

5(f)j — —Xpie — epiX, 

1 i 
SX = +-F^yY''^ + iDu_(j)ipiYe - (j)j]pije + eijCpipje - 20/p/e. 



(2.27) 



The supercharge Q is a triplet under SU{3) isometry of CP^ and a doublet under SU{2)ji 
with nontrivial C/(l)^ charge. Thus the supergroup behind the second model would be 

SU{3\2). 
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3 Properties of the 5d theories 



There are several properties of these 5d theories we want to study in this work. While we 
do not explore in the present work, the instantons in our theories would play the Kaluza- 
Klein modes for the circle fiber as the case in the maximally supersymmetric 5d Yang-Mills 
theory on R^. 

The instanton number on CP^ is 



The Hamiltonian of the 6d (2,0) theory on R x has the conformal dimension as the 
eigenvalues. Similarly the Hamiltonian for our 5d theories would have the conformal di- 
mension as the eigenvalues. The abelian scalar field harmonics on is summarised in 
detail in the appendix which shows that the lowest conformal dimension for the untwisted 
scalar field (pa is two as expected. Upon modding, first nontrivial Kaluza-Klcin modes 
start with conformal dimension k + 2. Such KK modes along the circle fiber is supposed 
to be represented by instantons in the 5d theory. As a single instanton has mass 47r^/5'y^2 
with our normalisation l/(45r^j(^)TrF^ where F is N x N hermitian matrix valued two- 
form for U{N) gauge group and the KK modes has mass k, the inverse coupling coefficient 
I/qym is chosen to be k/An'^. The instantons on CP^ has been explored before in Ref. [27]. 
It would be interesting to consider their work in our index calculation context. 

The strongest coupling occurs at = 1. For this value, the supersymmetry should 
be enhanced to maximal value and the global symmetry should enhanced to OSp{8\2) 
supergroup. The instantons should play the essential role here. 

One could ask whether instantons and anti-instantons are BPS in our 5d theories. Here 
we just consider the self dual or anti-self dual gauge field strength, leaving the study of the 
instanton solution itself to the next paper. For the first case (I), wc note that 712346 = — e 
and only anti-instantons can be BPS. For the second case (II), both instantons and anti- 
instantons can be BPS. The amount of preserved super symmetries is interesting also. 
For the first case the anti-instantons preserve all of 4 susy. For the second case the anti- 
instantons preserve 4 susy and instantons preserve 8 susy. 

The 6d expectation is that the conformal dimension of the scalar, spinor and gauge 
field of our 5 theories would be 2, 5/2, 3 as expected for their 6d origin. For the scalar 
and spinor fields, the harmonic analysis shows that it is the case indeed. For the vector 
potential, we shows that is case in Sec. 

While the instanton mass fixes the coupling constant, its 6d field theoretic origin can 




(3.1) 
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be read as follows: 



Sea = / d^x (- ld,{(l>iU,d^'{(Pi)ed + ■ ■ ■) 

[ d'x(- l-dM5dd''i<t>ihd +■■■) (3.2) 

jRxCP2 \ Z / 



rxS5 

S5d= — I d^x 



Sbd — 



k 
k 



with the mass dimension for the 6d field 0/ being two and the mass dimension for the final 
5d field (pj being one. The scalar field is rescaled so that 



(0/)5d = ^^^-^^(0/)6(i (3.3) 

Once the abelian theory is obtained, one can complete the nonabelian generalization. 

The quadratic Chern-Simons term has been noted before [12,13]. A beautiful argument 
in Ref. [12] is that the y independent field equation for the 3-form tensor field on R x 
leads naturally to the presence of the quadratic Chern-Simons term. Another argument is 
that the instantons are KK modes along the fiber direction and KK gauge field Vpdx^ is a 
gauge field on CP^ space with magnetic field 2 J. Whenever the instanton moves, it feels the 
background magnetic field and so the interaction term should be proportional to Vpdx^/dt 
where x^ is the position of a point like instanton on CP^. The natural field theoretic 
expression is then the Chern-Simons term. We do not know any argument yet similar to 
the quantization of 3d Chern-Simons level. It would be interesting to find more argument 
to support our choice of the coupling constant. The full effect of this Chern-Simons term 
is not clear at this moment. 

While there is a Meyer's term in the potential, the vacuum structure of the 5d theories 
does not have any degenerate vacua. The scalar potential has the minimum only at the 
symmetric point. The study of the gaugino transformation shows also that the vacuum is 
unique. 

The Gauss law in the U{1) theory implies 

^ -D^F-o + AeO-"PV^„F,, = 0. (3.4) 



47r2 47r2 

Total charge should be zero in the compact CP^. As J is selfdual, the anti-selfdual fiux 

F ~ A - A (3.5) 

seems possible without violation of the Gauss law but it does not satisfy dF = 0. The 
selfdual configuration F = 2 J in the abelian theory has the instanton number 1/2 which is 
not allowed due to the Gauss law. In nonabelian theories, there could be nontrivial vector 
boson charge and so the Gauss law could be satisfied nontrivially. There may be some 
monopole-like operator as in 3d case [23]. 
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While the second case has more super symmetries, the first case is simpler as the Killing 
spinor is constant spinor on CP^. We will focus on the first case from now on. Still, it is 
hard to penetrate the detail physics of the theory yet. We do not see any restriction on 
the gauge group unhke the 6d theory [1]. 

Let us briefly mention the spectrum of the theory for first type (I) for abelian case. The 
detail spectrum for the scalar and fermion fields on is given in Ref. [14]. The spectrum 
for the vector field on CP^ will be given in next section. As the index calculation in the 

next section provides the detail of the spectrum on CP^, here we just focus on the scalar 
field spectrum. The spectrum of a scalar field of conformal dimension 2 on R x has the 
mass 



The highest weight of the given irreducible representation would be iiWi -\-l2'^2 with 

two fundamental weights wi^W2 of SU{'i). The dimension of the representation of the 
highest weight 4) is (^i + + l)(^i + £2 + 2) /2 For 0i^2,3 fields, there is no twisting. 
Zk modding puts the constraints li — ^2 = kn with integer n. The y-independent mode 
with y^'^ has the spectrum on CP^ as 



with the degeneracy 2(£+ 1)^. Note that the conformal dimension of this mode is e = 2£ + 2 
and so it starts from 2 as we expect for the scalar field in the 6d theory. The first KK mode 
would with either {£i,£2) = {k,0) or (0, A:). Both of them has the conformal dimension 
e^k + 2 with degeneracy {k + l){k + 2)/2. 

The twisted mode 04 + 2^5 has more complicated y-independent modes and KK modes. 
The y independent mode is given by or with conformal dimension e = 2£ + 5. 

One can do the similar analysis for the fermion field whose conformal dimension on CP^ 
starts from £ = 5/2 as expected for the 6d fermion. The vector field analysis done in 
next section shows that its conformal dimension on CP^ starts from e — 4 not 3 which is 
expected for the 3 form tensor field in 6d. There may be no constant three form among the 
harmonics on S''. Instantons with perturbativc effects should reproduce the KK modes. 
We hope to come back to these issues near future. 

4 Superconformal index 

We will now define the superconformal index on 6d (2,0) theory and analyze its properties 
upon the Zk modding introduced in section 2. Later we will relate this index with the 
5d index on R x CP^ where the full 6d index should be obtainable from 5d computation 
involving the nonperturbative effect. The superconformal index encodes the spectrum of 
the BPS states of the radially quantized theory on R x S^. More precisely, the index we 



(_V|5 + 4)r^i'^2 = (£1 + £2 + 2fY^^^^\ -idyY^'^^' = (£1 - e2)Y^''^'. 



(3.6) 



(-v^p2 + 4)y^'^ = 4(£ + ify^'^ 



(3.7) 
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will define shortly counts the BPS states annihilated by a chosen supercharges Q and its 
conjugate S among 4 supercharges. The chosen supercharge Q satisfies the algebra 



{Q,S}^e-j,-j2-j3 + 2R^ + 2R2 = A, 



(4.1) 



and hence we count the BPS states saturating the bound A = 0. Here the supercharge Q 
has charges under the symmetry rotation ets ji — j2 — js — —j, Ri — R2 — —j- 

The superconformal index of the (2,0) theory is defined as 



(4.2) 



where x- 



-«7i 



y2- 



-«72 



denote the chemical potentials for the Cartan generators 



of the symmetry commuting with Q, and j = ji + J2 + Js — 3i?2- This index for a single 
M5-brane and the gravity dual theory at large A'^ is studied in [?]. As the abehan (2,0) 
theory is free, one can easily obtain the index for the single M5-brane theory by reading 
off the BPS letters from the field content of the (2,0) theory. The index of the U{1) (2,0) 
theory is given by the Plethystic exponential of the single letter index / 



exp 



00 

n 



f{x,yi,y2,q) 



X + ,r-y-^ - .v-q-{l/iji + iji/ij2 + y-i) + •'•■"Vy' 



(4.3) 



{l-xqyi){l-xqy2/yi){l-xq/y2) 

The denominator comes from the derivatives, the first two terms of the numerator comes 
from the scalar fields, three minus term in the numerator comes from the spinor fields, 
and the last term in the numerator comes from the spinor field equation. There is no 
contribution from the three form selfdual tensor field. One interesting limit of this index 
is to take — > hmit where the index reduces to the half-BPS index that is the index 
function of the half-BPS states (preserving 16 supersymmetries) . In this hmit, the letter 
index simply becomes f = x and it refiects that only a single complex scalar 0i — i(j)2 
contributes to the index. The ^jv-i — SU {N) non-abelian version of the half-BPS index [?] 
is already given by 



2-BPS 



^ 1 

11 i-x-^' 



(4.4) 



This is the index we will reproduce in this section by calculating the perturbative part of 
the corresponding Euclidean path integral on S^ x CP^. 

Now we turn to the modding of the superconformal index. We introduced in sec- 
tion 2 the Zk quotient along the circular fiber direction y twisted by R2 rotation. The j 
corresponds to the rotation of this twisted y direction. The modding leaves only the Zk 
singlet states carrying j = kn {n e Z) charge and truncates all other states. Accordingly, 
the index of the 6d theory with Z^ quotient is defined as 



tr 



j=kn 



(4.5) 
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When /c = 1, it reproduces the index for the (2,0) theory discussed above. On the other 
hand, at infinite k hmit or the free couphng hmit, all the KK states with non-zero j charge 
are truncated and the index reduces to the 5d index counting the BPS states of the free 
theory limit on R x CP^. This limit is achieved by taking g — > limit in the superconformla 
index. Here, we note that this index at infinite k coincides with the half-BPS index (4.4) 
as two limits imply identically q ^ 0. 

We expect that the 5d index including the non-perturbative states can reproduce the 
the full 6d superconformal index. The 5d theory of the first case (I) introduced in section 
2 preserves the same supercharge Q used to define the 6d index, and, therefore, we can 
define the 5d index in the same way as the 6d index (4.2). The perturbative states in 5d 
theory correspond to the j singlet modes while the instanton states represent the KK states 
with non-zero j charge. We then identify the instanton number with the KK momentum 
number j. 

The index can be considered as the path integral of the Euclidean action of the 5d 
theory on x CP^ 

I{x,y,,q)^ I P*e-^"[*1. (4.6) 

isixCP2 

The twisted boundary condition along the time circle of radius j3r is considered. The 
Euclidean version of the action (2.22) is given by 



47r^r 



SixCP2 



\f^,F>^-' + ^'^^^"'^ J^. (Axd,A^ - '^AxA.A. 



(4.7) 



where the fermion A is subject to the reality condition A = BCX* and the radius r of is 
introduced. The twisted boundary condition shifts the time derivative such as 

dr^dr + ^Rl+'-^ (Jl - J2) + ^ (J2 - Js) , (4.8) 

pr pr pr 

and, from now on, we consider the time derivatives as this shifted one. The action is 
invariant under the supersymmetry transformation 

S(f)i = -AV/e, 
SAf^ = -iX^'j^e, 

1 i 3 2i 
= -^Pui^l^"^ - iD^(t)iYpie - -[0/, (t)j]pije + -€ij(j)iPje (pipji. (4.9) 

The supersymmetry parameter e satisfy the conditions 
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and we found four solutions to these conditions, 

7126+ = 7456+ = -p^^e+ = (4.11) 

and its conjugation e_ = BCe*^. It turns out that the four Kilhng spinors are convariantly 
constant on CP^ 

i^me± = 0(m = 1,2,3,4). (4.12) 

We would like to evaluate the superconformal index using the localization technique. 
The localization would lead to the path integral over the instanton configuration on CP^ 
base. The calculation of the nonperturbative instanton contributions will be a future work. 

At infinite A;, the gaussian integral of the quadratic equations produces the exact result. 
For convenience, let us divide the field content to a vector multiplet and an adjoint hyper- 
multiplct (though there is no notion of the hypcrmultiplct as the theory preserves only 4 
supercharges). We first pick up a complex supercharge Q corresponding to pi2e = —ie and 
decompose the spinors as 

Then the vector multiplet consists of A^, x, 03 and the hypetmultiplet consists of two 
complex scalar and a complex fermion -0 defined as 

= ;^(04-i05), = ;^(0i + i02), 0' = 0''. (4.14) 
The action with the new fields becomes 

47r^ jRxCp2 [4 2 V 3 

M[h,q^]\' + l\[q^,qA]\' + \{aYsi<^TD[Q^,QA][q'',qc]-l^^^^^ 
i 11 3? 3? 



-2X1</'3,X] +#^[03,0'] + y2#^[XA,/] - V2i[qA,X^]iJ 
where cr^^^'^'^ are the Pauli matrices. 



(4.15; 



Before performing the path integral, let us first fix the gauge following [21]. We choose 
the Coulomb gauge Z}™yl„, = and impose the residual gauge fixing condition as -^a — 
where a = ^ ^ ^ Icp^ s-wave component (or holonomy) of A^-. The holonomy a is 

the only zero mode of the quadratic action. The residual gauge fixing introduces the Haar 
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measure to the path integral. Thus the index at large k becomes the integral of the 1-loop 
determinant by the holonomy a 



1 



N , N 
i=\ i<j 



2 sin 



X/i. 



■loop- 



(4.16) 



To obtain the 1-loop determinant, wc will use the various CP^ harmonics carrying 
electric charges i?2- Some of them are constructed in [14,30]. Let us first focus on the 
scalars in the hypermultiplet. The scalars have the following quadratic terms 



Qi 



q^ + q2 



-Di - D'^Dm + 



where the time derivative is 



(4.17) 



(4.18) 



We need to use the charged SU{3) harmonics Y^+^^^'^ if i?2 > or y'.'+3|«2l if i?2 < 
according to i?2 charges of the scalar fields. Here, the charged harmonics y'l-'^ carries R2 
charge Then the corresponding harmonics are for and F''' for respectively, 

and they diagonalize the quadratic equation. The 1-loop determinant of the hyper scalars 
becomes 



detij,6= II n n 

aeroot 1=0 mi,m2e{l,l+3) 



a — rriiji — i{2l + 5)(3 



sm 



a — rriiji + i{2l + 5)/3 



xnn n - 

aeroot 1=0 mi,m2e{l,l) 



a — mi'ji — i{2l + l)/3 



sm 



a — rui^i + i{2l + 3)/3 



.(4.19) 



where mi'ji — iTii'ji -\-m2^2 and rrii denote the two Cartan charges of (Zi, I2) representation 
for SU (3) isometry. 

For the complex fermion ■0, we introduce the four spinor basis on CP^ 
^^^yM+3g^^ *2 = T^T^'^'m^'-'+V , *3 = y'''e_, ^4 = T^T^'^m^^'-'e-, (4.20) 

where y'l''^ is the charged SU (3) harmonics defined above. These four basis can diagonalize 
the fermion quadratic action 



1 3? 
4r 2r 



iJ. 



(4.21) 



One then obtain the 1-loop determinant for the fermion field in the hypermultiplet 



detff,/= n n n 

aGroot 1=0 mi,m2e(l,l+S) 

xsin(^)nn n^'n 

^ '^aeroot 1=1 mi,m2e{l,l) 



a - mi'ji -i{2l + 5)/3 



sm 



a - mi'ji + ^(2/ + 5)/3 



a — mi'ji — '^(2/ + l)/3\ . [a — mi'ji + ^(2/ + 3)/9 



sm 



.(4.22) 
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The first line corresponds to the 1-loop determinant from \l/i,^2 and the second hne is 
from ^4. Combining the complex scalar and the fermion contributions, the final 1-loop 
determinant of the hypermultiplet is given by 



det 



det 



H,b 



n 

a&oot 



sm 



exp 



00 ^ 

n=l i,j 



(4.23) 



Let us move on to the vectormultiplet contribution. It is straightforward to compute 
the fermionic contribution by using the same spinor basis (4.20). The quadratic equation 
for is given by 



4r 2r 



X 



(4.24) 



The corresponding 1-loop determinant becomes 



detv/ = n n n 

aeroot 1=0 mi,m2e{l,l+3) 

+ 2i/3' 



a-mai-i{2l + 6)f3\ . f a - mai + i{2l + A) f3 
sm I — 1 sm ' 



3i,/-^ - m^l^ - ^(2/ + 2)(3^^^^a - mg, + z(2/ + 2)/3^ ^^^^^^^ 



xsmi 

\ 2 

'a&oot 1=1 mi,m2e{l,l) 

The first line is again the 1-loop determinant of ^1, ^2 and the second line is from ^^3, ^^4. 
The quadratic action of the vector field is 

-AmiDlS^: + DH": - D^Dr, - 6) A" + AiArD^Ar^J^^ - 2iAmDrAr,J^^. (4.26) 

We find that the following vector harmonics form the complete basis of the 5 vector com- 
ponents 

Ar = Al = DmY''' , Al = JmnD^Y''\ A^ = el7^7"L'„y'''+^e+. (4.27) 

are real vectors and is a complex vector. As we have already taken 
into account the zero mode of A^, which gives the holonomy a and Haar measure of the 
gauge group, the range of the harmonics y''' is therefore I > 0. Under the Coulomb gauge 
D"^Am = 0, we can turn off the modes corresponding to Al^- The other two real vectors 
At, Af^ mix each other in the quadratic action. Taking into account the determinant factors 
from the gauge fixing procedure, we obtain the 1-loop determinant for the real vectors 



nn n 

aeroot 1=1 mi,m2&(l,l) 



a-mai-i{2l + 2)l3\ . f a - mai + i{2l + 2)l3 
sm I sm ' 



. (4.28) 
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The complex vector is an eigenvector of the quadratic equation (4.26) and its 1-loop 
determinant is 



nn n - 

aeroot 1=0 mi,m2e(l,l+3) 



a - rrii'^i - i{2l + 6)/3 



sm 



a-mai + i{2l + A)l3 



. (4.29) 



We then collect the fermion and the vector contributions as well as the contribution from 
0^. After the huge cancellation between the fermionic and bosonic contributions, we finally 
find that the 1-loop determinant of the vector multiplet is trivial 



det 



v,f 



detv,b 



(4.30) 



Combining the contributions from the vector and the hypermultiplet, we obtain the 
following superconformal index at infinite k 



1 

W\ 



N , N 



1=1 i<j 

= n— 

-LA 1 - 



2 sin 



a,- — a. 



exp 



^ ^ 



.n=l i,j 



(4.31) 



m=l 



It follows that the index receives the contributions from the states formed by a single letter 
01 + 'i<p2- This result agrees with the 6d superconformal index at infinite k and, therefore, 
agrees with the half-BPS index (4.4). We believe that the full superconformal index at 
finite k can be calculated by including the instanton contribution. 



5 Super gravity 

Let us briefly consider the AdSy x S"^ geometry corresponding to the 6d (2,0) theory [10]. 
In case we need the complete AdSy geometry with boundary. The maximally super- 
symmetric AdSy X geometry is 

ds^ = R^{- cosh^ pdt^ + dp^ + sinh^ pd^l) + ^R^d^l, 

F^r^ Ne^, R/£p^2{7rNy/\ (5.1) 
The 5d unit sphere and 4d unit sphere are modded by 

(6.2) 

The metrics on and S'^ are, respectively, 

ds^s = ds'^p2 + {dy' + VY, 

ds% = d'd^ + sin^ Mx'^ + cos^ Mss^. (5.3) 
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where x' is the phase corresponding to the phase of 04 + i05 and dV — 2 J is the Kahler 
2-form on CP^. The modding for the first and second cases are 



27r 

(I) (?/',/) + y (1,3), 

(11) (y',x')~(y',x') + y(l,-l)- 
Let us focus on the first case with the change of coordinates to 

/ y , , 3y 

y X = X + y, 
with y e [0, 27i] and x ^ [0, 27r]. The geometry becomes 



(5.4) 



(5.5) 



cosh^ pdf + dp^ + sinh^ pds'^p^ + ^ sinh^ p(dy + kV)'^]^ 
dd^ + sin2 ^(dx + ^)' + cos^ ^ci4. 



F ~ iV(Vs4 + -sini^cos^T? Ady A V52), 
A; 



(5.6) 



where 



ds|4 = d'&'^ + sin^ i^dy^ + cos^ ■j?ds|2, 
V54 = sin 1? cos^ 1? di? A A V52 . 

where V52 is the volume form of a unit 2-sphere. 

The corresponding Type IIA geometry can be obtained by the relation: 

ds\^^e-^'^lHs\^ + e"^/\dy + A)\ 



(5.7) 



(5.8) 



Some of NS-NS fields of cr, Qmn-, Bmn and R-R fields C/^, C^^p are nonvanishing as Cudx^^ ~ 
A and dB = — | sini?cos^ i^d-d^ A V52. The metric (5.6) containing {dy + kV^ and {dx + 
Sdy/ky becomes 



^2 

—(4 sinh^ p + 9 sin^ f?) (dy + ^)^ + 
4/0"^ 



i?^ sinh p sin^ 



where 



A^k 



Thus the relation (5.8) imphes 



,4a/3 



4sinh^p + 9sin^i? 

4 sinh^ p V + 3 sin^ -(^lix 
4 sinh^ p + 9 sin^ i) 



—— (4 sinh^ p + 9 sin^ -d) , 



(c?X - 3V-)^ 



(5.9) 



(5.10) 



(5.11) 
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and 



10 



+ cosh^ pdt^ + dp' + sinh^ pdscp2\ 



+ 



The field strength are 



i?^ sin^ p sin 
4 sinh^ p + 9 sin^ d 



{dx-2>Vf 



(5.12) 



p4 _ -Aa/ZyA 
^10 — ^ "^5' 



P3 
-^10 



e-^/Vsini?di? A V52. 

A; 



(5.13) 



Note that F^q is for the D4 branes and Ff^ is for the D6 branes. 



The radius of the circle fiber y is of order 

7VV3 

k 



e ' ~ 



sinh p. 



(5.14) 



As we divide the AdSj space, we do not have a small compact circle and so it is hard to 
say the theory has been reduced to the type IIA theory. However the above radius tells 
that the M-theory description is vahd for 1 < /c < N^/^. Since the dilation field diverges at 
the boundary, the ultraviolet physics at the boundary is the 6d physics. The string frame 
metric (5.8) in type IIA gives 



^ 2 _ 



cosh^ pdt' + dp' + sinh^ pdsQp2) + '^{d'^'^ + cos^ 'dds'gi) 



(5.15) 



The curvature scale of the type IIA theory is of order sjE? /2k ~ ■\/N/k which is large 
when 't Hooft coupling A = N/k is large. 



6 Conclusion and Discussion 

Wc have found the supersymmetric Yang-Mills Chern-Simons theories on i? x CP' which 
has the origin from Zk modding of the 6d(2, 0) theory on i? x 5^ along the circle fiber 
with a twisting along the R symmetry direction. Depending on the twisting, the number 
of supersymmetries can vary from 2,4,6,12. Here we have focused the analysis for 4 super- 
symmetric case for its simplicity. The fiuctuation analysis shows that the fields has the 
right conformal dimension as expected from the 6d consideration. Supergravity analysis 
shows that there are M-theory region and type IIA region and weakly coupled region even 
though the boundary between first two regions is not yet clear. 

Our theories are a good ground to calculate the index of the 6d (2,0) theory and we 
hope to report the result in near future. There seems to be several interesting ideas to 
pursue from the current point. There may be many BPS objects in the theory which is 
not apparent in first glance. The degrees of freedom on the 6d (2,0) theory [28] have 
been studied from various points of view [14, 17, 29] and our theory may provide a further 
evidence. 
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A convention for metrics and gamma matrices 

The space-time metric has the mostly positive signature. The metric tensors on CP^ and 
are, respectively, 

J 2 1 2 3*2 2 1 ~ 2 '2 

asQp2 = dp -|- — sm p cos p H — sm p, 

dsls = dslp, + {dy + Vf, y = ^ sin' p, (A.l) 

where y is the U{1) fiber direction. The left-invariant SU(2) 1-forms are 

Ti — — sin ipd9 + cos sin 9d(fi, 
T2 — + COS ipd9 + sin ip sin 9d(p, 

Tg = +dilj + COS 9d(p, (A.2) 

such that dTi — eijkTj A r^. The range of variables are p G [0, |], 6* G [0, tt], 99 G [0, 27r], G 
[0, 47r] and y G [0, 27r], the volumes of CP' and are 7r'/2 and tt^, respectively. 

The vierbein e"" = e'^'dxP for CP' is 

1 7 2 '^3 . 3 '''1 • 4 '''2 • ^ \ o\ 

e —dp, e ——smpcosp, e ——smp, e = — smp. (A. 3) 

Their inverse = ^m^p is 

^ 2fi 2f2 

ei = Op, 62 = , 63 = - — , 64 = - — , (A.4) 

sm p cos p sm p sm p 



where 



fi = - sin ipdg + ^^.^ ^ (du, - cos 9d^), 
sm9 

72 = +cosil)dg + ^^^{d^ - cos9d^), 
sm9 

fs = +d^. (A.5) 
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The Kahler 2-form on CP^ is 

J = \ jmne"' A e'* = \dV = A + A (A.6) 
The spin-connection for the CP^ is 

wi2^-^cos2p, w^'^^-^-^il + sin^p), 

The vierbein on 5*^ is 

= e"* (m = 1,2,3,4), = dy + V^dx^. (A.8) 
The inverse vierbein on is 

= - e^F^a^ (m = 1, 2, 3, 4), = dy. (A.9) 
The spin connection for is 

Our notation for the Minkowski space-time gamma matrices for 6d and 5d is as follows: 

(Sd) 7° = I2 i(J2, 7^'^'^ = (^1,2,3 ® c^i, 7^ = I2 ® (X3, 7°^23^ = il4, 

{Qd) F'^ = 7^ ai ifi = 0, 1, • • -4), = I4 ® (72, = r°^-5 = -u ® ^3. (A.ii) 

The 6d spinor field A and the supersymmetric parameter e have the opposite chirality so 
that r^A = A, r'^e = -e. With B = ia2® ai, we get BYB~^ = -7''* = -7J. The spinors 
transform as 4 of Sp{2)ji = 5*0(5) symmetry and the 5d Euclidean gamma matrices on 4 
are 

Pl,2,3 = Cri,2,3 <H) 0-3, p4 = I2 (g) (72, Ps = I2 (^i. (A. 12) 

Our choice of Cartan for Sp{2)ji is R2 ~ |p45 and Ri ~ |pi2 to fermionic fields. The 
charge conjugation operator acting on 4 is C = ia2 ® <7i such that CpiC~^ = pf. With 
5 = _B (g) (T3, we get BV^B~^ — V^* — F^. We require the the reality conditions on the 
spinors to be 

A = -BCX\ e = BCe* ^ A = BCX\ e = BCe* (A. 13) 

on four component spinors. 
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B Killing spinors 



The Killing spinors [14, 30] on R x are defined as follows: 



(B.l) 



and e± = BCe*-^ and e±. = iFoe. Here we will be loose about 8 and 4 component spinors 
as the chirality condition F '^A = A, T^e = — e, F^e = e leaves no ambiguity. The covariant 
derivative to the spinor on given as 



Vue = (9m + -W^''VAB)e. 



(B.2) 



The covariant derivative on spinors in can be expressed in terms of that on CP^ plus 
the derivative along the circle fiber. 



Voe = dte = -70? 



V5e = 



n5 



1 



1 



1 

e = -e 
2 



(B.3) 



where am = 1,2,3,4 and V = Kne"^ = Vpdx^, J = \ Jmne-^ A e" and Vm = eJ^Vp is the 
covariant derivative on the spinors on CP^. The Killing spinor equation is solved with 



e = ±Foe = ±7oe 
The covariant derivative on the gaugino field is 

VoA = dtX 

6 



(B.4) 



V^A = 



V5A = 



V — V d + - J F**^ 

1 



V —V 8 — - J 



A 



'-'y ^•-'mn'- 



A 



1 



dy ^Jmn^f 



A 



(B.5) 



Let us split the spinors to eigenspinors 7126*^*^ = isie^^^^ , ^346^'^'^^ — is2€^^"'^. Note that 
ryO^sisi _ ^^i234gsis2 _ _ig^g^^sis2 Qj^g solution of the Killing spinor is 



(I) e+~e-^*+^V+ 



(B.6) 



with a constant spinor eo"*". It is singlet under the SU{3) isometry of CP^. The more 
complicated three Killing spinors are nontrivial linear combinations of three spinors 



(II) e^r.e-i'-iy{et-,ei+,er) 



(B.7) 



where ei depends on CP^ coordinates nontrivially. They form a triplet under the SU{3) 
isometry of CP^. The detail expression is known but not important here. 
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